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Abstract
Instead of Lusternik–Schnirelmann π1-category we define the π1-cohomological dimension by
the cohomology with local coefficients and a gap theorem for closed manifolds is shown to hold for
this invariant.
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There is a mistake in the proof of Theorem 2 in [2] where we apply the obstruction
theory repeatedly. So, we define the π1-cohomological dimension by using the cohomol-
ogy with local coefficients so that the statements other than Theorem 2 in [2] are still valid
replacing the Lusternik–Schnirelmann π1-category with the π1-cohomological dimension.
We will prove also that a connected CW complex X has π1-cohomological dimension one
if and only if it has π1-category one, that is, π1(X) is a non-trivial free group. Then, the
statement of Theorem 2 in [2] is equivalent to say that the π1-cohomological dimension
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T. Matumoto / Topology and its Applications 153 (2006) 1956–1958 1957is equal to the Lusternik–Schnirelmann π1-category but there is a counter-example as we
will show later.
Definition 1. Let X be a connected CW-complex and f :X → Bπ = K(π,1) a map to
the Eilenberg–MacLane complex given by attaching cells of dimension greater than two,
where π denotes π1(X). Then, the π1-cohomological dimension dπ1X is defined by the
least integer n such that f ∗ :Hk(Bπ;Λ) → Hk(X;Λ) is a zero map for every k > n and
any local coefficients Λ.
Theorem 2. Let X be a connected CW complex. Then, dπ1X = 1 if and only if π = π1(X)
is a non-trivial free group.
Since Bπ is obtained by attaching cells of dimension greater than 2 to X, the inclu-
sion f :X → Bπ induces an injective homomorphism f ∗ :H 2(Bπ;Λ) → H 2(X;Λ) on
the cellular cohomology. Now assume that dπ1X  1. Then, we get H 2(Bπ;Λ) = 0.
Since H 2(Bπ;Λ) is isomorphic to the algebraically defined cohomology H 2(π;Λ) =
Ext2
Z[π](Z,Λ) (cf. Theorem IV.11.5 in [3] which is valid also for any π -module Λ), we see
that the cohomological dimension of π is less than 2 and hence π is a free group by the re-
sult of Swan [5]. The converse is clear, because Bπ is one-dimensional if π is a non-trivial
free group.
The theorem of Eilenberg–Ganea proved by Gómez–González [1] says that for a
connected CW complex X the π1-category catπ1 X  n if and only if there is a map
g :X → Ln to an n-dimensional CW complex Ln which induces an isomorphism on π1.
Since f :X → Bπ in Definition 1 is homotopic to the composition of g with a map
f ′ :Ln → Bπ , we get dπ1X  catπ1 X  dimX. When dimX  3, we can prove that
dπ1X = catπ1 X. But we have dπ1K = 2, catπ1 K = 3 and dimK = 4 for the following
example K .
Example. Let K = RP 2 ∪p◦h D4, where h : ∂D4 = S3 → S2 is a Hopf map, RP 2 is the
real projective plane and p :S2 → RP 2 represents a generator of π2(RP 2).
In fact, we naturally define a map f ′ :K = RP 2 ∪p◦h D4 → RP 3 = RP 2 ∪p◦id D3
which induces an isomorphism on π1 so that the map f :K → BZ2 = RP∞ is given
by the composition of f ′ with the natural inclusion f ∞ :RP 3 → RP∞. Since K has
no cells of dimension 3, f ′ induces a zero map (f ′)∗ :Hk(RP 3;Λ) → Hk(K;Λ)
for every k > 2. Moreover, since f ∗ :H 2(RP∞;Z2) = H 2(RP 3;Z2) → H 2(K;Z2) =
H 2(RP 2;Z2) = Z2 is an isomorphism, we see that dπ1K = 2.
Now we assume that catπ1 K  2 for a while. Then, there is a map g :K → L2 to
a 2-dimensional CW complex L2 inducing an isomorphism on π1 by the theorem of
Eilenberg–Ganea above. Therefore, f :K → BZ2 = RP∞ is homotopic to the composi-
tion g∞ ◦ g′ ◦ g for a cellular approximation map g′ :L2 → RP 2 and the natural inclusion
g∞ :RP 2 → RP∞. We see that the restriction of g′ ◦ g :K → RP 2 on RP 2 induces an
isomorphism on π1 and so induces also an isomorphism on π2, by checking each homo-
topy class of the maps from RP 2 to itself [4] Lemma 1.2: it should be homotopic to a map
given by the composition RP 2 → RP 2 ∨ S2 → RP 2 ∨ S2 → RP 2, where the maps are
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to the map g′ ◦ g :K → RP 2 because the induced map on π3(RP 2) = Z is an isomor-
phism by the above observation but should be a zero map to be extended over K . This is a
contradiction. So, catπ1 K  3 and hence catπ1 K = 3.
Now Theorems 3 and 8 in [2] are corrected as follows, although we do not know whether
the original statements are true or not.
Theorem 3. For any closed connected n-dimensional manifold Mn we have
dπ1M
n 	= n − 1.
Theorem 8. The π1-cohomological dimension of a compact connected Kähler surface is
even.
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